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Abstract 
A. E. Allahverdyan and Th . M. Nieuwenhuizen [1] in their paper “A mathematical 
theorem as a basis for the second law: Thomson’s formulation applied to equilibrium” 
present a proof of the second law of thermodynamics based on quantum mechanics.  In 
this comment on their paper I offer a counterexample to their proof.
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 In their paper [1] A. E. Allahverdyan and Th . M. Nieuwenhuizen present a proof 
of the second law of thermodynamics as a rigorous theorem of quantum mechanics.  
Allahverdyan and Nieuwenhuizen consider a closed statistical system .  At  the 
initial Hamiltonian is H  and the initial equilibrium state is a Gibbs distribution so that, 
t 0=
0
ˆ
 ( ) 0 0Hˆ Hˆeˆ 0 ; Z tre
Z
−β −βρ = =        (1) 
 where 1 Tβ =  and T is the temperature.  At time t 0=  an external interaction is turned 
on and then turned off at time t.  W is the work put into the system during this interaction 
and is given by [1], 
       (2) ( ) ( )†0ˆ ˆ ˆ ˆˆW tr[H V 0 V ] tr[H 0 ]= ρ − ρ0 ˆ
0 ˆ ]
0
where  is a unitary operator that describes the interaction.  Using the mathematical 
identity  this can be rewritten as, 
Vˆ
tr[AB] tr[BA]=
       (3) 
 Allahverdyan and Nieuwenhuizen claim that W must be non-negative for all 
possible interactions.  Since the interaction is described by  this means that W must be 
non-negative for all possible unitary operators .   I will give an example where this is 
not the case. 
( ) ( )† 0ˆ ˆ ˆ ˆˆW tr[V H V 0 ] tr[H 0= ρ − ρ
Vˆ
Vˆ
 I will examine this problem for a quantized fermion field interacting with a 
quantized electromagnetic field in the temporal gauge.   In the temporal gauge the gauge 
condition is given by the relationship 0A =  [2,3,4,5] where  is the scalar component 
of the electric potential.  We will work in the Schrödinger picture and use natural units so 
0A
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that = .   In the  Schrödinger picture the field operators are time independent and 
the time dependence of the quantum system is reflected in the state vectors 
c 1= =
( )tΩ .  The 
Hamiltonian is given by, 
H H
0,D
ˆ
0,M
( )Jˆ x
ˆ x
{ † x
 ( ) ( )0 0,D 0,M ˆˆ ˆ ˆ ˆH d= + − ⋅∫ J x A x x       (4) 
where, 
 ( ) ( )† 0,D1 ˆ ˆH ,H2  = ψ ψ ∫ x x dx 0,DH i;  m= − ⋅∇ +βα    (5)  
 ( )2 21ˆ ˆ ˆH d2= +∫ E B ;   ( ) ( )ˆˆ = ∇×B x A x     (6)  x
 ( ) ( )†q ˆ ˆ,
2
= ψ ψ x α x        (7)  
In the above expressions m is the fermion mass, α  and β  are the usual 4x4 matrices, q is 
the electric charge,  is the Dirac Hamiltonian, H  is the Hamiltonian for the 
electromagnetic field, and  is the current operator.  The Schrödinger picture time 
independent fermion field operators are 
0,DHˆ 0,ˆ M
( )Jˆ x
( )ψˆ x  and ψ .  The Schrödinger picture time 
independent field operators for the electromagnetic field are 
(x)†ˆ
( )Aˆ x  and .  The 
electromagnetic field operators are real so that 
( )Eˆ x
( ) ( )ˆ x†Aˆ x = A  and ( )ˆ ˆ= (†E x E x) .   
 The field operators obey the following relationships [3,4], 
 ( ) ( ) ( )i j 3ijˆA , E i  = − δ δ − y x y ; ( ) ( ) ( ) ( )i j i jˆ ˆ ˆ ˆA , A E , E   0= =  x y x y   (8) 
and 
 ( ) ( )} ( )a b abˆ ˆ,ψ ψ = δ δ −y x y ; ( ) ( ){ } ( ) ( ){ }† †a a bbˆ ˆ ˆ ˆ, , 0ψ ψ = ψ ψ =x y x y  (9) 
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where “a” and “b” are spinor indices.  In addition, all commutators between the 
electromagnetic field operators and fermion field operators are zero, i.e., 
  (10) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )† †ˆ ˆˆ ˆˆ ˆ ˆ ˆ, , , ,     ψ = ψ = ψ = ψ     A x y E x y A x y E x y 0 =
x
Define the quantity, 
        (11)
where the current operator ρ  is defined by, 
( ) ( ) ( )ˆ ˆ ˆG = ∇⋅ −ρx E x
(ˆ x)
 ( ) ( ) ( )†qˆ ˆ ˆ,
2
ρ = ψ ψx x x        (12)  
All valid state vectors Ω  must satisfy the Gauss constraint [2], 
 ( )Gˆ Ω =x 0          (13) 
The unitary operator  converts the state vector Vˆ Ω  into the state vector ˆ ΩV .  The 
Gauss constraint must be still be satisfied so that in the temporal gauge  is restricted to 
those operators which satisfy, 
Vˆ
 ( ) ( )ˆ ˆG V 0 for all  for which G 0Ω = Ω Ω =x ˆ x
ˆ
    (14) 
I will show that for the Hamiltonian operator defined in (4)  it is possible to find a unitary 
operator V  which satisfies the Gauss constraint for which W of equation (3) is negative.  
This is contrary to the assertion of reference [1]. 
ˆ
 Now let, 
          (15)  ˆ ˆV UR=
where  and are unitary operators.   Let  satisfy the Gauss constraint (14) and 
define R  by, 
Uˆ
ˆ
Rˆ Uˆ
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          (16) 
† ˆˆ ˆiU CURˆ e=
where 
          (17) ˆ ˆC = ⋅∇χ∫E dx
where χ  is an arbitrary real valued function.  Note that C( )xG †ˆ Cˆ=  so that R e  
therefore  so that  is unitary.   
† ˆˆ ˆ† iU Cˆ −= U
0=
0
0
ˆ
ˆ
†R Rˆ ˆ 1= Rˆ
 Using the commutator relations we obtain, 
      (18) ( ) ( )0,D ˆ ˆ ˆˆ ˆH ,C ,C ,C     = = ρ     J x x
and, 
        (19) ( ) ( )ˆ ˆ,C i  = − ∇χ A x x
Use this result to obtain, 
     (20) ( ) ( ) ( )ˆ ˆ ˆˆ ,C ,C i 0   = ∇× = − ∇×∇χ =   Β x A x x
Therefore, 
          (21) 0,M ˆHˆ ,C  = 
From the above we obtain, 
         (22) ( )ˆ ˆG ,C  = x
Next we want to determine if  satisfies the Gauss constraint.  To do this we use 
the obvious relationship, 
ˆ ˆV UR=
       (23) † † †1 2 1 2ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆU O U, U O U U O ,O U   =   
where O  and  are operators.  Use this in (22) to obtain, 1ˆ 2Oˆ
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      (24) ( ) ( )† † †ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆU G U, U CU U G ,C U 0   =   x x =
ˆ
)
Therefore  satisfied Gauss constraint since  has been assumed to satisfy this 
constraint and , and thereby ,  commutes with .  
ˆ ˆV UR=
† ˆUˆ C
Uˆ
Uˆ Rˆ ( )† ˆˆ ˆU G Ux
 Next we want to evaluate V .  Use (4) to obtain, † 0ˆ ˆ ˆH V
     (25) ( ) ( )(† †0 0,D 0,M ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆV H V V H H d V= + − ⋅∫ J x A x x
We will require the Baker-Campell-Hausdorff relationships [6] which states that, 
 1 1
ˆ ˆO O
2 2 1 2 1 1 2
1ˆ ˆ ˆ ˆ ˆ ˆ ˆe O e O O ,O O , O ,O
2
+ −    = + + +    …    (26) 
Use this along with (18), (21), and (24) to obtain, 
 ( ) ( )† †0,D 0,M 0,D 0,Mˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆV H H V U H H U+ = +      (27) 
Next we obtain, 
 ( ) ( )( ) ( )( ) ( )( )† †ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆV V V V V⋅ = ⋅J x A x J x A x† ˆ V
)U
) Uˆ
    (28) 
Use (10), (19), (24), and (26) to yield, 
        (29) ( )( ) ( )(† †ˆ ˆ ˆ ˆ ˆ ˆV V U=J x J x
and, 
      (30) ( )( ) ( ) ( )(† †ˆ ˆˆ ˆ ˆV V U= −∇χA x A x x
Use these results in (28) to obtain 
 
( ) ( )( ) ( )( ) ( ) ( )( )
( ) ( ) ( )( )( )
† † †
†
ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆV V U U U
ˆˆ ˆ ˆ                              U U
⋅ = ⋅ −∇χ
= ⋅ −∇χ
J x A x J x A x x
J x A x x
U
   (31) 
Use this and (27) in (25) to obtain, 
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      (32) ( ) ( )(† †0 0ˆ ˆ ˆ ˆV H V U H d U= − ⋅∇χ∫ J x x x) ˆ
ˆ
x
Use this in (3) to yield, 
      (33) ( ) ( ) ( )†0 ˆ ˆ ˆ ˆW W tr U U 0 d = − ρ ⋅∇χ ∫ J x x x
where, 
       (34) ( ) ( )†0 0 0ˆ ˆ ˆ ˆˆW tr[U H U 0 ] tr[H 0 ]= ρ − ρ
Integrate the second term in (33) with respect to parts and assume reasonable boundary 
conditions to obtain, 
        (35) ( ) ( )ˆ0 UˆW W d= + χ ∇⋅∫ x J x
where ( )UˆJˆ x  is defined by, 
        (36) ( ) ( ) ( )†Uˆˆ ˆ ˆ ˆ ˆtr[U U 0 ]=J x J x ρ
Note that  and the quantity 0W ( )UˆJˆ x  are independent of ( )χ x .  Therefore χ  can be 
varied in an arbitrary manner without affecting  or 
( )x
0W ( )xUˆJˆ .  Assume that  is chosen 
so that 
Uˆ
( )UˆJˆ∇⋅ x  is non-zero.  In this case we can always find a ( )χ x  which makes W a 
negative number.  For example let ( ) ( )Uˆˆ∇⋅χ = −λx J x  where λ  is a constant.  In this 
case (35) becomes, 
        (37) ( )( 2ˆ0 UˆW W d= −λ ∇⋅∫ J x ) x
Therefore, since ∇⋅  is non-zero the quantity under the integral must be positive.  
Therefore for sufficiently large λ  the work W will be negative. 
( )UˆJˆ x
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 This result depends on the assumption that we can find a unitary transformation 
 such that Uˆ ( )UˆJˆ x∇⋅  is non-zero.  How do we know that this can be done?   is 
the current averaged over the distribution after an interaction associated with the unitary 
operator .  Therefore we must have an interaction the takes the average current from an 
initial equilibrium state, where the divergence of the average current is zero, to some non-
equilibrium state where 
( )UˆJˆ x
Uˆ
( )UˆJˆ x∇⋅  is non-zero.  Since there are many interaction that can 
take a system into a non-equilibrium state it is reasonable to assume that a  exists. Uˆ
 In conclusion a counterexample has been found to the proof presented in [1] that 
the quantity W in equation (2) must be non-negative for any unitary operator .  The 
counterexample is for a quantized fermion field coupled to a quantized electromagnetic 
field in the temporal gauge.  It is shown that in this case a unitary operator  exists for 
which W is negative.   
Vˆ
Vˆ
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